Macroscopic ensembles of radiating dipoles are ubiquitous in the physical and natural sciences. In the classical limit the dipoles can be described as damped-driven oscillators, which are able to spontaneously synchronize and collectively lock their phases. Here we investigate the corresponding phenomenon in the quantum regime with arrays of quantized two-level systems coupled via long-range and anisotropic dipolar interactions. Our calculations demonstrate that the dipoles may overcome the decoherence induced by quantum fluctuations and inhomogeneous couplings and evolve to a synchronized steady-state. This steady-state bears much similarity to that observed in classical systems, and yet also exhibits genuine quantum properties such as quantum correlations and quantum phase diffusion (reminiscent of lasing). Our predictions could be relevant for the development of better atomic clocks and a variety of noise tolerant quantum devices. [6] . Although there has been significant progress in the study of synchronization in classical systems [7] , the understanding of the same phenomena in the quantum realm remains limited. A major obstacle so far is the general problem of the exponential scaling of the Hilbert space with system size which makes calculations dealing with quantum arrays very challenging. In fact, current investigations have been limited to the exact treatment of arrays of a small number of coupled quantum oscillators [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] , and large ensembles at the mean field level or by including quantum corrections perturbatively [19, 20] . Highly symmetric situations with collective coupling mediated, for example, by a cavity mode [21] [22] [23] [24] [25] , have also been studied.
Macroscopic ensembles of radiating dipoles are ubiquitous in the physical and natural sciences. In the classical limit the dipoles can be described as damped-driven oscillators, which are able to spontaneously synchronize and collectively lock their phases. Here we investigate the corresponding phenomenon in the quantum regime with arrays of quantized two-level systems coupled via long-range and anisotropic dipolar interactions. Our calculations demonstrate that the dipoles may overcome the decoherence induced by quantum fluctuations and inhomogeneous couplings and evolve to a synchronized steady-state. This steady-state bears much similarity to that observed in classical systems, and yet also exhibits genuine quantum properties such as quantum correlations and quantum phase diffusion (reminiscent of lasing). Our predictions could be relevant for the development of better atomic clocks and a variety of noise tolerant quantum devices. Arrays of synchronized oscillators [1] are ubiquitous in biological [2, 3] , physical [4] and engineering [5] systems and are a resource for technological advances [6] . Although there has been significant progress in the study of synchronization in classical systems [7] , the understanding of the same phenomena in the quantum realm remains limited. A major obstacle so far is the general problem of the exponential scaling of the Hilbert space with system size which makes calculations dealing with quantum arrays very challenging. In fact, current investigations have been limited to the exact treatment of arrays of a small number of coupled quantum oscillators [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] , and large ensembles at the mean field level or by including quantum corrections perturbatively [19, 20] . Highly symmetric situations with collective coupling mediated, for example, by a cavity mode [21] [22] [23] [24] [25] , have also been studied.
Ensembles of radiating dipoles are a natural platform to study quantum synchronization, where coherence can be generated from an incoherent source. One might regard laser systems, where radiation is amplified by the stimulated emission of photons, as a prototypical example. However, lasing is fundamentally a distinct phenomenon from quantum synchronization. This can be seen from the fact that lasing is possible even in the absence of coupling between the atomic dipoles, as is clear in the single atom laser [26] , or in atomic beam lasers where only one atom is present in the cavity at any given time. A more relevant situation is the quantum synchronization that takes place in the context of superradiance [27] . It has recently been understood that, in contrast to lasers, steady-state superradiance can produce spectrally pure light [27] [28] [29] without stimulated emission. So far this has been demonstrated using a cavity mode as a communication channel that spatially selects an optical mode and enhances the coupling (through the cavity finesse). A more generic and relevant scenario, with great potential and applicability, is the emergence of spontaneous macroscopic quantum synchronization in radiating dipole arrays without a cavity but naturally coupled by the intrinsic anisotropic and long-range dipolar interactions. This is the situation considered in this letter.
We demonstrate that in the presence of an incoherent repumping source, dipole induced cooperative emission can dominate over spatial inhomogeneities and quantum fluctuations and lead to a resilient steady-state exhibiting macroscopic quantum phase coherence and intrinsic quantum correlations. Moreover, the cooperative behavior can be detected by measuring the spectral purity of the emitted radiation. Specifically, the systems we consider are dense arrays of frozen quantum dipoles modeled as quantized two-level systems. By dense arrays of frozen dipoles we mean arrays separated by a distance much closer than the wavelength of the emitted photons and with motional degrees of freedom evolving at a much slower rate than their internal dynamics (Fig. 1) . These conditions can be readily satisfied in a variety of quantum systems found in atomic, molecular and optical physics (e.g., Rydberg gases [30] [31] [32] , alkali vapors [33] , alkalineearth atoms [34] , and polar molecules [35] ), chemistry (e.g., J-aggregates of dye molecules [36] [37] [38] ), and biology (e.g., light-harvesting complexes [39, 40] ). In cold vapors, one possible way to freeze the motion and tightly trap the particles is via an optical lattice potential (Fig. 1) . In this case a sub-optical-wavelength transition must be used in order to reach the tight-packing regime [34, 35] .
The dipolar interactions between two dipoles a and b with characteristic photon wavelength λ are described by the functions g(r ab ) and f (r ab ), which depend on the dipoles separation, |r ab |, and the angle θ between the mean dipole moment and the vector joining the dipoles Arrays of quantum dipoles spontaneously emit and absorb photons at rate Γ. The photons mediate dipolar interactions between dipoles separated by a distance r ab with both dissipative, f (r ab ), and elastic, g(r ab ), components. A repumping source at a rate W provides energy to maintain the oscillations and is typically implemented using additional levels. (a) A possible implementation using cold atoms in an optical lattice. (b) The dipolar couplings g(r ab ), and f (r ab ) exhibit a complex angular distribution as a function of θ, the angle between the dipole orientation (determined by an external electromagnetic field) and |r ab |. The maximum value of f and g for fixed |r ab | is denoted as fmax and gmax. The cone illustrates the magic angle, θm = arccos(1/ √ 3).
[See Fig. 1(a) ] [41] :
where ζ ab = 2π|r ab |/λ and Γ = f (0) is the spontaneous photon emission rate from a single dipole. The function g(r ab ) describes the elastic dipole-dipole and f (r ab ) the inelastic collective photon emission. These terms are similar to those that determine the radiation of classical electric dipoles. The dependence on |r ab | describes the propagation of photons from one atom to another. The terms ∝ 1/|r ab | account for retardation effects in the far-field and those ∝ 1/|r ab | 3 account for instantaneous propagation in the near-field. When ζ ab 1, the elastic g interactions with a strong angular variation are dominant except close to the magic angle θ m = arccos(1/ √ 3), at which they are greatly suppressed. In contrast, in the near-field f (r ab ) is almost isotropic [see Fig. 1(b) ].
The spatially uniform behavior of f (r ab ) at short distance is what gives rise to cooperative effects and superradiant emission [27] . Under generic conditions, however, superradiance is a transient effect and its short duration imposes a limitation to its applicability. To compensate for the fast decay here we add an incoherent repumping driving term at a rate W . This is needed to generate a synchronized steady state. An incoherent repump is familiar in laser systems where coupling to a third level followed by rapid fluorescence is required to maintain population inversion.
The evolution of N dipoles is modeled by a quantum master equation for the reduced density matrixρ of the dipoles [27] :
The HamiltonianĤ 0 generates the coherent evolution of the dipole array whereσ
are the Pauli spin operators for dipole a, δ a denotes its bare oscillation frequency and is the reduced Planck constant. L f,W are operator functionals that describe, respectively, the inelastic photon emission and repumping processes.
Initially, to obtain a qualitative picture and to connect quantum to classical behavior, we perform a meanfield treatment that assumes uncorrelated dipoles, i.e., ρ = aρ a , where eachρ a = σ,σ =↑,↓ ρ σ,σ a |σ σ | is a 2 × 2 matrix in the pseudospin 1/2 basis {|↑ , |↓ }. The components of the single-dipole density matrix,ρ a , can be visualized as a Bloch vector {S (Fig. 2) . The mean-field solution yields a system of coupled non-linear differential equations for ρ σ,σ a [41] . In particular the azimuthal phases for each a = 1, 2, . . . , N evolve as
where δφ ba (t) = (φ b (t) − φ a (t)) and denotes the real part. The term proportional to f (r ab ) that contains the sine function can be identified with a similar term in the Kuramoto model (KM) [42] , the iconic model used to describe classical phase synchronization:
, where K, the coupling strength per oscillator, must be large enough and positive for synchronization to occur. The term proportional to g(r ab ) that contains the cosine function appears in the Sakaguchi-Kuramoto model [43] , a more general but similar synchronization model.
In contrast to the basic KM, the situation here is more complex. This is due to the fact that in Eq. (5) the coupling constants are non-uniform and effectively time-dependent, since S ⊥ a (t) and S z a (t) are dynamic variables. To investigate whether the mean-field model admits spontaneous synchronization we consider first the simplified case where δ a = 0 for all dipoles, impose g(r ab ) = 0 for all pairs, and assume a constant collective decay rate N f (r ab ) ≡ f eff [44] . phase distribution in the steady-state for an array of oscillators initially prepared with a random distribution of phases for two different values of the repump rate W . For a slow repumping rate, the system remains unsynchronized. As the repumping rate is increased beyond a threshold value, the system enters a synchronized state, as can be seen by the appearance of phase locking and the resulting narrow phase spread. This can be explained by the fact that one necessary condition for synchronization in the KM is K > 0, which translates to the requirement S z a > 0 on average in our model and thus the need to have sufficiently large repump rate. Regions of synchronization can be quantified by an order parame-
iφa | as shown in Fig. 2(a) , which shows the value of Z obtained from an analytic solution of Eq. (5) [41] . Notice also that at large W the dipoles are repumped too fast and coherence can not be maintained.
We next proceed to benchmark the validity of the mean-field solution. In the simplified case we consider so far it is possible to exactly solve Eq. (1), the full quantum dynamics, even for many particles. This is due to the invariance of the master equation under individual dipole permutations that reduces the scaling of the Liouville space from exponential, 4 N , to polynomial, of order N 3 [45] . Quantum fluctuations can lead to phase diffusion and to decay of single particle coherences in the steady-state (it is possible for σ + a → 0 even in a synchronized state), so Z cannot be used in a beyond meanfield treatment. However, phase locking in quantum mechanics can be quantified by the degree of spin-spin cor-
, where the bar indicates an average over all pairs of different dipoles a and b. For an unsynchronized state Z Q is 0 and for a completely synchronized state Z Q is Z max Q = 1/ √ 8 [28, 29] . The corresponding phase diagram, shown in Fig. 2(b) , closely resembles the mean-field one.
A natural question regarding quantum synchronization is whether there is entanglement related to the synchronized state. To determine the non-separability of the steady-state we compute the average of the quantum Fisher information (QFI) and use it as an entanglement witness [41, 46, 47] . Any N particle state with (N 2 + 2N )/3 ≥F Q (ρ) > 2N/3 is entangled (nonseparable) and a quantum resource for phase estimation. We first consider a gedanken experiment in which one monitors the system evolution and keeps a record of the emitted photons giving a conditional evolution known as quantum trajectories [48, 49] . In Fig. 2(d) we show calculations ofF Q (ρ c ) (with the c inρ c meaning conditional), with F Q (ρ c ) calculated for individual quantum trajectories and then the averaged. For this conditional evolution we observe entanglement in a parameter regime that correlates with Z Q > 0 [see Fig. 2(c) and (d) ]. However, if we discard the information present in the measurement record, by tracing over the conditional trajectories, and then computing F Q (ρ), the QFI falls below the entanglement witness threshold [see Fig. 2(d) ]. Nevertheless, we find the mixed steady-state contains non-zero quantum correlations in the synchronized regime. This is quantified by the quantum discord D [Fig. 2(e) ], a type of correlation measure more general than entanglement that differentiates quantum effects from classical ones [50] [51] [52] [53] . While there are also classical correlations when Z > 0, measured by the difference between the mutual information I and the D [Fig. 2(e) ], quantum correlations remain a significant fraction of the total (I) even in the thermodynamic limit [41] .
Up to this point we have only considered all-to-all interactions; now we consider the effect of the finite range of the interactions. In the dipole array both f (r ab ) and g(r ab ) are nontrivial functions of r ab . To gain insight on how spatial inhomogeneities affect quantum synchronization, we first study a simpler case assuming a power-law cooperative decay f (r ab ) ∝ |r ab | −α , with the exponent α as a variable parameter and set both g(r ab ) = 0 and δ a = 0. In the KM with power-law couplings, domains of synchronized oscillators can emerge [54] . Dimensionality plays an important role in finite range interacting systems because it determines the number of nearest- neighbor connections. To quantify similar phenomena in our system, we compute spin-spin correlations within linear clusters that contain d dipoles, Z d Q , using a cumulant expansion method [41] . Fig. 3 An alternative way to characterize domain formation and the fact that it can persist even when there is a variation in the local detunings, δ a = 0, is to examine pairwise two-time correlation functions, Fig. 3(b) ]. The oscillations in Z ab (τ ) encode information about the relative precession rate between different dipoles. Similar synchronization regimes are observed: While for a small α, dipoles are seen to frequency-lock with the mean detuning frequency (global synchronization), as α is increased domains begin to form (partial synchronization), and for larger α a broad distribution of frequencies is observed (no synchronization).
With this foundation in place we now treat the full problem of radiating quantum dipoles incorporating elastic interactions g(r ab ) and the intricate competition of spatially-dependent and anisotropic couplings (both g(r ab ) and f (r ab ) have terms with power law dependence α = 1, 2, 3 on distance) (Fig. 1) . We solve the full master equation without any approximation [48] for systems of up to twenty dipoles in a chain using the actual spatial dependence of both f (r ab ) and g(r ab ), and set δ a = 0. We observe a robust synchronized state that exists in a wide parameter space. In fact we find that the capability for the system to synchronize is determined by f eff ≡ N f (r ab ) as demonstrated by the agreement between the full master equation solution and the much simpler case with constant coupling f eff and g(r ab ) = 0 [41] . As long as f eff is large enough, we observe that synchronization takes place and is only weakly affected by substantial differences in g(r ab ), i.e., variations in the dipole array that modify g(r ab ) by two orders of magnitude only decrease the order parameter by a factor of two (Fig. 4) . The synchronization can be optimized by tuning the orientation of the dipoles to the magic angle θ m = arccos(1/ √ 3). For this orientation the order parameter reaches a significant fraction of Z max Q , indicating the emergence of macroscopic spontaneous synchronization of the radiating quantum dipole array.
In summary, we have demonstrated that a system of radiating quantum dipoles can be synchronized in the presence of repumping. The intrinsic macroscopic coherence of the superradiant steady state is inherently resilient to single particle decoherence, spatial inhomogeneities and noisy environmental effects. Potentially this could have relevant application to the development of low-threshold organic lasers, highly efficient solar cells, materials with enhanced chemical reactivity, as well as ultra-precise quantum devices. Moreover, since quantum synchronization is imprinted in the spectral purity of the emitted radiation [29] , the generated light may potentially serve as a diagnostic tool of quantum coherences in generic systems beyond cold gases.
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Here we consider the case in which the local order parameters vary slowly over the system size, and thus can be regarded as the same for all dipoles. This case includes the all-to-all interactions considered in the main text. This approximation is also found to be good in cases where the range of the interactions is comparable to the system size. Under these conditions, we can write
where the global order parameter Z is defined as
⊥ a e iφa and the effective couplings are given by f eff = a b =a f (r ab )/(N − 1) and g eff = a b =a g(r ab )/(N − 1).
The steady-state solution leads to two self-consistent equations for the order parameter Z and the collective frequency ω
where Q = Γ + W and D = W − Γ. When the dipoles have identical detunnings, δ a = 0, the prior equations reduce to
The elastic couplings in this limit simply induce a global frequency shift that can be eliminated by moving to a rotating frame. Eq. (5) determines the dependence of Z on W . The order parameter Z reaches a maximum value Z max ≈ 1/8 at W opt ≈ f eff /2 for f eff 1. For this optimal condition, the dipoles radiate with atomic inversion S z a ≈ 1/4. This derived inversion is in good agreement with that anticipated for optimal synchronization.
In general, the inclusion of a finite spread ∆ in δ a decreases the value of the order parameter Z. For instance, if δ a is sampled from a Lorenzian distribution
and optimal synchronization is obtained at a smaller repumping rate, W opt ≈ f eff /2 − ∆/ √ 2. We note that for given f eff and W , synchronization is destroyed (that is,
.
Cumulant expansion approach and two-time correlation between dipoles
The cumulant expansion method is a powerful theoretical tool for including correlation effects beyond the mean-field approximation [29, 55, 56] . We keep two-point correlations such as σ 
This factorization closes the set of dynamical equations of motion for all single particle observables σ +,−,z a and equal-time two-point correlations.Two-time correlation functions can be computed by solving the following equa- tion [48] :
where we have approximated σ
Comparisons with exact numerical solutions show that the cumulant expansion captures well the steady-state behavior for inhomogeneous couplings f (r ab ), provided the elastic couplings g(r ab ) are sufficiently small. In Fig. S1 we compute the pair-wise two-time correlation function ,
, using both the cumulant expansion and the exact solution. The decay rate of these correlations, Z ab (τ ) = Ae −τ γ , encodes information about the spectral coherence of the emitted radiation. The result shows that Γ/γ exhibits the same dependence on W/Γ as Z Q .
Evolution of individual trajectories and quantum Fisher information
The master equation formulation describes the dynamics of the system after a statistical average of many experimental trials. However, the evolution of the system for an individual experimental realization can be quite different. Tracking the evolution of an individual trajectory is equivalent to performing continuous measurements that collect the record of the emitted photons, for example homodyne measurements. The conditional evolution of the system subject to continuous measurements can be modeled by the method of quantum state diffusion [48] . For a single run the state of the system remains pure, ρ c = |ψ ψ|, but the average over many trials reduces the system into a mixed state and recovers the density matrix obtained from the master equation. To probe the entanglement of the dipoles, in Fig. 2 we calculate the average quantum Fisher information for each individual trajectories [46, 47] 
where F Q (ρ c ;Ĥ) = 4( ψ|Ĥ 2 |ψ − ψ|Ĥ |ψ 2 ), andĴ x,y,z are collective angular momentum operators.
Mutual information and quantum discord
Two systems are correlated if they share information with each other. The total amount of correlation can be quantified by the quantum mutual information I = S A + S B − S AB , where S i is the the von Neumann entropy of the subsystem i ∈ {A, B, AB} (AB is the total system spanned by A and B together) ,
, withρ i the reduced density matrix of the subsystem i. A value varying between 0 and 2 is obtained when A and B are pure states or maximally correlated respectively. The mutual information can be separated into a classical and a quantum part. The classical part is J B|A = max{S B − S B|A }. Here S B|A is the von Neumann entropy of subsystem B conditioned on the measurement performed on A and max represents maximum value obtainable over all local measurements on A. The quantum part, known as the quantum discord, D B|A = I − J B|A , measures the amount of correlations that exceed the classical part and characterizes the "quantumness" of the system [50] . A state with nonzero quantum discord, behaves in a way intrinsically non-classical, since local measurement performed on one of its subsystems can disturb the whole system. In order to calculate J B|A , we consider a set of von Neumann measurementsΠ
A ) with | n k | 2 = 1, made on the subsystem A and minimize the corresponding conditional entropy Fig. 2(e) we calculate the mutual information from I and the quantum discord from D using as subsystems A and B a pair of dipoles, a and b respectively.
Scaling of mutual information and quantum discord vs particle number
We have shown in the main text that the radiating dipoles exhibit finite classical and quantum correlations in the synchronized steady state via the exact solution of the master equation for a medium size system of N = 70. To explore these correlations in the thermodynamic limit, we use a cumulant expansion to calculate the quantum 
FIG. S3.
Synchronization with dipole-dipole interactions and identical inelastic interactions only. The order parameter is computed for N = 16 dipoles on a line with θ = θm and f eff = a,b =a f (r ab )/(N −1) (symbols), and for a system with constant f (r ab ) = f eff /N and g(r ab ) = 0 (dashed line)s. Similar dependence on W is found for these two different systems. Here the order parameter for dipoles is always smaller in the presence of elastic interactions.
mutual information I and discord D for increasingly larger systems in Fig. S2 . Both I and D increase until reaching a finite value independent of the system size, showing the coexistence of classical and quantum correlations in a macroscopic system of dipoles when they are synchronized.
Inelastic interactions and the capability of synchronization
The mean-field approach shows that the total inelastic interaction f eff is responsible for the synchronization, although each pair of dipoles can be coupled by different f (r ab ). In Fig. S3 , we solve the master equation Eq. (2) exactly for coupled dipoles arranged in a 1D chain, and for and array of identically coupled dipoles with the same f eff but experiencing only inelastic interactions. The calculated order parameters agree well with each other, showing that the capability of the dipole system to synchronize can be characterized by the quantity f eff , in spite of the complex geometry of the dipolar interactions. The elastic interaction, on the contrary, is responsible for the decrease of the order parameter and tends to desynchronize the dipoles. For optimal synchronization, one may suppress the elastic interactions either by choosing the magic polarization angle or by using a spatial configuration of external fields which enforces the "averaging out" of the dominant elastic interactions [58] .
